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SI 1. Detailed Derivation of Equation (9) 

The integration I(b,q,t1) in equation (8) is expressed by 
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The Mathieu cosine and sine functions are related with the Floquet solution of Mathieu equation, 

 , ,F a q t  as 
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Hereafter, for brevity 
2 4a b   unless specified otherwise. Since the Floquet solution of Mathieu 

equation,  , ,F a q t , has the form of 

 
     , , exp , ,F a q t i t P a q t

. (S3) 

where μ is Mathieu exponent (complex number) and   , ,P a q t  is the complex valued function which 

is periodic with period π. From equations (S1) and (S2),  , ,c a q t  and  , ,s a q t  can be expressed as:  
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By inserting equations (S3) into equation (S1), then we obtain 
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Rewriting   t1=n+  (0≤<, n is non-zero integer) and using the division property of integration,  
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and the π periodicity of  , ,P a q t , i.e. 

   , , , ,P a q t P a q n t  ,      1 1 2 1 3 1, , , , , , , ,I a q t I a q t I a q t  in equation (B4) can be computed 

as 
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Thereby,  1, ,I a q t  can be written as: 
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The equations (S8b-e) present the integrations  1 , ,I b q  ,  2 , ,n

aI b q  ,  2 , ,n

bI b q  , and 

 2 , ,n

cI b q   in equation (9). 

In order to achieve the stable long-time behavior of  1, ,I a q t , all the expressions of equations 

(S8c)-(S8e) need to converge and the exponential term e
-(b-i2μ)n

 should vanish for  n. The 

necessary condition for this is 2b   where   is the imaginary part of Mathieu exponent, μ=+i. 

It is same as the condition that the mean motion of particle is stable [S1]. 

The long-time behaviors of I2a, I2b, and I2c in stable condition can be obtained with n ,  



 

 

 

 

 

 

S5 

 

 

   

     

   

2

2 2 0

, , , ,1
, ,

, ,0 , ,01

b u

a b i

F a q u F a q
I a q e du

F a q F a qe

 

 








  
   

   


, (S9a)  

 

           

   
2 20

, , , , , , , ,1
, ,

1 , ,0 , ,0

b u

b b

F a q u F a q u F a q F a q
I a q e du

e F a q F a q

 



 



  

  
    


,(S9b)  

 

   

     

   

2

2 2 0

, , , ,1
, ,

, ,0 , ,01

b u

c b i

F a q u F a q
I a q e du

F a q F a qe

 

 








  
   

   


, (S9c)  

 

SI 2. Mathieu Exponents for Various b and q 

In the aid of figure S1, we can compute the q-range satisfying the condition of 0<<b/2 for q given b. 

 

 

 

Figure S1. Variation of Mathieu exponent with q for a given b.  and  are the real and imaginary 

parts of Mathieu exponent , respectively. 
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SI 3. Derivation of Equations (11) 

The integration J(b,q,t1) in equation (10) is originally given by 
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The integration of J(b,q,t1), equation (S10), can be re-written as the summation of three terms: 
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Here 
2 4a b  . Interestingly, J3(b,q,t1) is equal to I(b,q,t1) in the fluctuation of position. Following 

the same procedure for the fluctuation of positions in S1, we can write the time t1as t1 = n+ (0≤<, 

n is non-zero integer) and then, the each term can be written as follow: 
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For J2(b,q,t1), 
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For J3(b,q,t1), 
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Collecting all the expressions in above, equation (S11a) can be written in the following simple forms 

as below:  
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For J2(b,q,t1), 
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For J3(b,q,t1), 
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SI 4. Time Histories of xx, vv, and xv for large b = 4.0 

 

 
Figure S2. Time histories of xx, vv, and xv for b=2.0: (a), (b), (c) for q = 3.1; (d), (e), (f) for q =4.0. 

 

Figures S2 show the transient behaviour of xx, vv, and xv for b=4.0 and q = 3.1 (a, b, c) and for 

b=4.0 and q = 4.0 (d, e, f). If q further increases (q > 4), the position fluctuation xx is diverging along 

with vv, and xv and the fourth frequency mode starts to contribute in addition to the first three 

modes, which dominates for q=3.1. It should be noted that the velocity fluctuations are increased more 

than position and covariance fluctuations, which indicates that the divergence of the position 

fluctuation originates from the velocity and propagates to the position divergence with the aid of 

covariance.  

 


